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The QCD A—parame

RENORMALIZATION GROUP:

99 _

—0
e B(G) “~  —g3(bo+b1§* +bagt +...)

— 2 =2 g(p) 1 1 b
A = ufbog ()] =1/ o1/ (20087 1) e {,/0 dg[ﬁ(g) - b%i”

= exact equation (for any N¢) YV in mass-independent scheme

m trivial scheme dependence Ax /Ay = const.
= use a suitable physical coupling (scheme) to compute A Geqs T3k T&Fs - -
(defined Yy, regularisation independent, . . .)

= Requires: non-perturbative 5(g) to cover wide range of couplings

over intermediate energies 1t € [tmin, fmax) Hmin > fmax
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The QCD A—paramet

RENORMALIZATION GROUP: ug—iz B(3) 920 —33(bo + 0132 4+ bag* +..)

- — 2y =2 g(n) 1 1 b
A = ufbog ()] =1/ o1/ (20087 1) e {,/0 dg[ﬁ(g) - b%i”

= exact equation (for any N¢) YV in mass-independent scheme
m trivial scheme dependence

Ax /Ay = const.
= use a suitable physical coupling (scheme) to compute A Geqs B3> TaF - -
(defined Yy, regularisation independent, . . .)

= Requires: non-perturbative 5(g) to cover wide range of couplings
over intermediate energies & € [tmin, Hmax) Mmin < Mmax

intermediate, massless finite-volume renorm. scheme
+
continuum finite-size scaling (© = 1/L)

Here:

e Schrédinger functional scheme (SF)
(] Nf =3



The traditional strat

SCHRODINGER FUNCTIONAL (SF) a:

for any physical coupling scheme:
Pattern:

Ao 1 Ime g
fK [fKLmax] Ln

CONTRIBUTION TO TOTAL ERROR BUDGET:

m scale setting observable fk (input)

m hadronic low energy scale Lmax = 1/ttmin

AfK ~0
Al(afi)(Lmax/a)],_o ~ 1%

[Bruno, Tue-P3B]

m safe use of PT at high energies Ly, = Lyin ~ (64 GeV)*1

APT [LnA] ~0
~ PFitzeh  CUNYCJune20t4



The traditional strate

SCHRODINGER FUNCTIONAL (SF) as

for any physical coupling scheme:
Pattern:

A _ 1 s
fK - [fKLmax] Ln

“[LnA]

CONTRIBUTION TO TOTAL ERROR BUDGET:

m scale setting observable fk (input) Afg ~0

Al(afi) (Lmax/a)l,_yo ~ 1%
[Bruno,Tue-P3B]

m hadronic low energy scale Lmax = 1/ttmin

= continuum step-scaling function o (u):

~~ error accumulation per step:
Lmax i Lmax/2 — = Lmax/2n = Ln

Aoy ke {1,2,--- ,n}
o cutoff effects
Tk = ;Lmo B(ug, a/L), up = §2(Lk) e statistical accuracy
e RG scaling

m safe use of PT at high energies Ly, = Lyin ~ (64 GeV)*1 Apr[LnA]~0
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The traditional strateg

SCHRODINGER FUNCTIONAL (SF) as'i

for any physical coupling scheme:

Pattern:
A 1 L
2 e = max.[LnA]
fK [fKLmax] Ln
CONTRIBUTION TO TOTAL ERROR BUDGET:
m scale setting observable fk (input) Afg ~0
m hadronic low energy scale Lmax = 1/ttmin Al(afx)(Lmax/a)] 40 ~ 1%
[Bruno,Tue-P3B]
m continuum step-scaling function o (u): ~~ error accumulation per step:
Lmax — Lmax/2 — = Lmax/2n =Ly Aoy, k € {1,2,-~~ ,n}

) o cutoff effects
— lm s L — (L
9= (uk, a/L), k=g (L) e statistical accuracy

e RG scaling
m safe use of PT at high energies Ly, = Lyin ~ (64 GeV)*1 Apr[LnA]~0
[ so far: ggF(L) but there are advantages of the gradient flow ... ]
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A comparison

Step-scaling error budget: }
AAN? AL\? AL Ag? Ag? 1 [Ag?
(—) [ Z (—) s with | —| = — g_ ~ g_ ~ = [_—g] in the continuum
A wNL/ L[ 298(g) 2bog* g* 1l g°
topic SF coupling GF coupling remark
DEFINITION Br(L) = k(G020 9&r(L) = (PE)/N
SF boundary field #0 =0

[A.Ramos, Fr. 10:15]
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A comparison

Step-scaling error budget: }

AAN? AL\? AL Ag? Ag? 1 [Ag?
(—) [ Z (—) s with | —| = — g_ ~ g_ ~ = [_—g] in the continuum
A wNL/ L[ 298(g) 2bog* g* 1l g°
topic SF coupling GF coupling remark
DEFINITION 3r(L) =K%o) 20 G&p(L) = (*E)/N  [ARamos, Fr. 10:15]
SF boundary field #0 =0
PT MATCHING ~64 GEV  3-loop 2-loop

GF @ higher energies
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A comparison

Step-scaling error budget: }

AAN? AL\? AL Ag? Ag? 1 [Ag?
(—) [ Z (—) s with | —| = — g_ ~ g_ ~ = [_—g] in the continuum
A wNL/ L[ 298(g) 2bog* g* 1l g°
topic SF coupling GF coupling remark
DEFINITION 3r(L) =K%o) 20 G&p(L) = (*E)/N  [ARamos, Fr. 10:15]
SF boundary field #0 =0
PT MATCHING ~64 GEV  3-loop 2-loop GF @ higher energies
TYPICAL # MEAS. O(100000) 0O(1000) AG2r~AGer
(Tinty V: )

(L ~0.4fm)
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A comparison

Step-scaling error budget: }

AAN? AL\? AL Ag? Ag? 1 [Ag?
( ) [ Z ( ) s with | —| = — g_ ~ g_ ~ = |: _g ] in the continuum
A wNL/ L[ 298(g) 2bog* g* 1l g°
topic SF coupling GF coupling remark
DEFINITION G2p(L) = k(%):’zlo Gap(L) = (*E)/N  [ARamos, Fr. 10:15]
SF boundary field #0 =0
PT MATCHING ~64 GEV  3-loop 2-loop GF @ higher energies
TYPICAL # MEAS. O(100000) 0O(1000) AGlr ~AGep
(Ting, V, .-) (L ~0.4fm)
CUTOFF EFFECTS mild rather large (so far) [S.Sint, P7E, 15:55]
2-loop improvement unknown
= L/a <12 = L/a>8 a—0
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A comparison

Step-scaling error budget: }

AAN? AL\? AL Ag? Ag? 1 [Ag?
(—) [ Z ( ) s with | —| = — g_ ~ g_ ~ = |: _g ] in the continuum
A wNL/ L[ 298(g) 2bog* g* 1l g°
topic SF coupling GF coupling remark
DEFINITION G2p(L) = k(%):’zlo Gap(L) = (*E)/N  [ARamos, Fr. 10:15]
SF boundary field #0 =0
PT MATCHING ~64 GEV  3-loop 2-loop GF @ higher energies
TYPICAL # MEAS. O(100000) 0O(1000) AGlr ~AGep
(Ting, V, .-) (L ~0.4fm)
CUTOFF EFFECTS mild rather large (so far) [S.Sint, P7E, 15:55]
2-loop improvement unknown
= L/a <12 = L/a>8 a—0
Ag?/g? ~ g? const.
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A comparison

Step-scaling error budget:

AAN? AL\? AL Ag? Ag? 1 [Ag?
(—) [ Z (—) s with | —| = — g_ ~ g_ ~ = |: J ] in the continuum
A wNL/ L[ 298(g) 2bog* g* 1l g°
topic SF coupling GF coupling remark
DEFINITION G2p(L) = k(%):’io Gap(L) = (*E)/N  [ARamos, Fr. 10:15]
SF boundary field #0 =0
PT MATCHING ~64 GEV  3-loop 2-loop GF @ higher energies
TYPICAL # MEAS. O(100000) 0O(1000) AGlr ~AGep
(Tint, V, -..) (L ~0.4fm)
CUTOFF EFFECTS mild rather large (so far) [S.Sint, P7E, 15:55]
2-loop improvement unknown
= L/a <12 = L/a>8 a—0
AG?/g? ~ g? const.
= AL/L const. ~ const/g?
Summary v small volume X small volume
X large volume v large volume
+ min(COMPUTING COST) + max(CONTROL SYSTEMATICS) = our new strategy
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Combine SF and GF

T LA T LA T LA T T T
6| N El physical scale Lyax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]
51 N (7éF(Lde) = Umax ¢ Lmax
4 -
3l -
21 -
1 -
Lol Lol Lol Ll
1 10 100 1000 u/A
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Combine SF and GF

10

100 1000 u/A

El physical scale Lyax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]

géF(Lde) = Umax < Lmax
step scaling Lmax — Lmax/2 — - ..

9&p (Lmax/4)
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Combine SF and GF

10

100

1000 p/A

El physical scale Lyax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]

géF(Lde) = Umax = Lmax
step scaling Lmax — Lmax/2 — - ..
& (Lmax/4)

& step scaling Lmax/4 — Lmax/8 — ...
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Combine SF and GF

10

100

1000 p/A

El physical scale Lyax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]

géF(Lde) = Umax = Lmax
step scaling Lmax — Lmax/2 — - ..
& (Lmax/4)

& step scaling Lmax/4 — Lmax/8 — ...
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Combine SF and GF

10 100 1000 u/A

El physical scale Lyax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]

géF(Lde) = Umax = Lmax
step scaling Lmax — Lmax/2 — - ..
& (Lmax/4)

& step scaling Lmax/4 — Lmax/8 — ...
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Combine SF and GF

sti

10

100 1000 p/A

El physical scale Lyax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]

géF(LmaX) = Umax ¢ Lmax
B step scaling Limax — Lmax/2 — - ..
G (Lmasx/4)
& step scaling Lmax/4 — Lmax/8 — ...

switch scheme at scale Lgy;
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Combine SF and GF r

6| A El physical scale Lyax from LV (CLS) runs

x [TLI LW gauge action + Wilson fermions]
o gar(Lmax) = Umax € Lmax
41 Lewi B step scaling Lmax — Lmax/2 — ...
s G (Lmax/4)

x 5 & step scaling Lmax/4 — Lmax/8 — ...

2l switch scheme at scale Ly
L oy ML [ match §25 & g&p non-perturbatively

1 10 100 1000 p/A = G (D) fied

ggF(sti) = C}l_f)l’b W(u,a/L)

or vice versa
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Combine SF and GF r

sti

Q

o

10

100

1000

A

[~

physical scale Lmax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]

gép([/max) = Umax ¢ Lmax
step scaling Lmax — Lmax/2 — ...
G (Lmasx/4)
step scaling Limax/4 — Lmax/8 — ...
switch scheme at scale Lgy

match g2 & g&p non-perturbatively

& (Lswi) fixed
ggF(sti) = C}l_r% W(u,a/L)

u

or vice versa

step scaling with SF coupling
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Combine SF and GF r

sti

Q

°o5

10

100

1000

A

[~

physical scale Lmax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]

gép([/max) = Umax ¢ Lmax
step scaling Lmax — Lmax/2 — ...
G (Lmasx/4)
step scaling Limax/4 — Lmax/8 — ...
switch scheme at scale Lgy

match g2 & g&p non-perturbatively

& (Lswi) fixed
ggF(sti) = C}l_r% W(u,a/L)

u

or vice versa

step scaling with SF coupling
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Combine SF and GF r

sti

(¢]

10

100

1000

A

[~

physical scale Lmax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]

gép([/max) = Umax ¢ Lmax
step scaling Lmax — Lmax/2 — ...
G (Lmasx/4)
step scaling Limax/4 — Lmax/8 — ...
switch scheme at scale Lgy

match g2 & g&p non-perturbatively

& (Lswi) fixed
ggF(sti) = C}l_r% W(u,a/L)

u

or vice versa

step scaling with SF coupling
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Combine SF and GF r

sti

Q

°o5

S

10

100

1000

A

[~

physical scale Lmax from LV (CLS) runs
[TLI LW gauge action + Wilson fermions]

gép([/max) = Umax ¢ Lmax
step scaling Lmax — Lmax/2 — ...
G (Lmasx/4)
step scaling Limax/4 — Lmax/8 — ...
switch scheme at scale Lgy

match g2 & g&p non-perturbatively

& (Lswi) fixed
ggF(sti) = C}l_r% W(u,a/L)

u

or vice versa

step scaling with SF coupling
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Combine SF and GF r

T \\\HH‘ T \\\HH‘ T \\\HH‘ T T 1
6 . El physical scale Lyax from LV (CLS) runs
g2 x [TLI LW gauge action + Wilson fermions]
51 N (7éF(LHIdX) = Umax ¢ Lmax
4 Lowi - H stepscaling Limax — Lmax/2 — ...
3F * N gépl (Lmax/4)
x o & step scaling Lmax/4 — Lmax/8 — ...
2 | -
° 5 switch scheme at scale Ly
1f °o O - _2 _2 .
Lol Lol Lol I \Ar E match gSF & gGF nOn'pertUrbatWely

1 10 100 1000 u/A

& (Lswi) fixed
ggF(sti) = C}l_r% W(u,a/L)

u

point 6 + 7 to be finished soon )
or vice versa
preliminary results follow . . )
[l step scaling with SF coupling

connect g&y to PT at high energies
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NS

Tuning

tune to vanishing mass Lm = 0

‘critical’ quark mass mg = me
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Ny = 3 degenerate fl

Tuning

[ tune to vanishing mass Lm = 0 = ‘critical’ quark mass mg = me ]

60 simulations VL/a (6 < 8 < 9, |[Lm/| < 0.005)

> La=4 x10”
s Uas 5
L/a=8
oo U5 v
* L/a=16 5
g ° ~~ smooth function ¥ g3 < 1
él— 0\\ 'EEQ
L i ame(gg, a/L) = [ame (g3, a/L)l21p + k1 (a/L) - g
' N 3 !
Eoof Ny 02 04 08 08 1 +ka(a/L) - g5 + ks(a/L) - g5°
t,’ . o »* B
i:i:t{frt*" 4
-0.02
|Lm| < 0.001
% 05 @ 1 15 additional uncertainty from LCP tuning negligible
o
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Step-scaling function

preliminary

Fix 53p (Lk) =

mll<u <2
u equidistant in 1/g3p
w Lja=4,6,8,10,12

and simulate at 2L /a

4
Z(uk, a/L)

" Va-a

o a6 /j///
0.0F « L/a=8 7
 Va=10 s
o l/a=12 i
0.8} ——PT predict. ,//
///"
0.7 y M
Ve /"
0.6 ,/
05 . /
s 4
0.4},
0.3F
0.2

=2}
ol
3

9.5



Step-scaling function f

preliminary
local continuum limit extrapolations:
o4 :* .,,.,AE#—-?"'“~‘$_“~‘W € u=2012000
L — 2L:
@ 2.2
= lim ¥ L = © S u=1794300
o(u) = lim 3% (u,a/L) s 8
2.
u ignore 2L /a = 8 data = | . . g u=1617300
= 2L/a = 20 still missing © 1.8}
u PTimprovement: & — x(2) o ® ® g u- 40800
m CL: linear fit to 1.6 s o g U=1362700
2L/a = 12,16, 24 data
! . 1 4_ € & § u=1.265690
= global & local fit ansatz compatible )
hg € € u=1.184460
1.0F & & € u=1.108910
0 0.02 0.04 0.06
(a/L)?
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Step-scaling function

preliminary

.22} - data ]
continuum step-scaling function o (u): 0.2 ]
= data: o(ug) £ Ao (ug) 0.18 1
m fit ansatz ; 0.16 ]

=]

o(u) = u + sou? + syu® =
T 0.14 ]

4 sfityt 4 sfitys
. . 0.12 ]
= s, s1 fixed (scheme indep.)
w fitted parameters st sfit 0.1 ]
+ cov(sfit s?‘t) P

0.08f ]
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Summary

need improvement of present knowledge over () <> A

in general

m systematic uncertainties well under control using
lattice simulations + finite-size scaling + physical running couplings

m PT invoked at very high energies only 2 100 GeV

= hadronic scale set through large volume simulations

m there are particular (dis-)advantages for each running coupling scheme

o GF-coupling: advantageous to reach even larger physical volumes
© SF-coupling: advantageous for running in small volumes (femto universe)

= new, combined strategy employs both g5 and g in order to

« increase accuracy in A-parameter
« increase range of couplings covered & controlled by finite-size scaling
o be cost efficient
= high-energy running of g%F(L) in good shape

1 exact definition of g (L) still to be fixed

we are in a good position to achieve our goal:  AA/A <5% <+ Aa/a < 1%
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